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Family setting

7 :X — S proper holomorphic submersion, relative dimension 1

wx /s = (/\max T*(1’O)X) ® (/\max T*(1,0)S)—1
the relative canonical line bundle of =

te S, X, =7n"1(t)
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Dolbeaut complex
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& a holomorphic vector bundle over X

QY (X, €)= €2 (X, T"WX 2 ¢), ij=0,1

0 — Q°9(X;,€) % Q% (X, €) > 0

HO(X;, &) = ker(9),  H'(X:, &) = Q%1 (X:, €)/Im(D)
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Grothendieck-Knudsen-Mumford construction
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The determinant of the cohomology
A©r = (A" H(X;, &lx,)) ' @ A™*H' (X1, €x,), teS

family of complex lines over S

Grothendieck-Knudsen-Mumford :
A(€)t, t € S form a holomorphic line bundle A(£) over S
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Theorem of Riemann-Roch-Grothendieck

Theorem. (Riemann-Roch-Grothendieck, 1957)
The following identity holds in H*(S, Q) :

oM@ =~ [ [raexs)ene)]”

6(6) | eie) + oale)
12 + = 12 SRR

eh(€) = rk(€) + o1 (¢) + S22

Td(§) = 1 +
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Chern-Weil theory
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m Y a complex manifold
(E, hF) a holomorphic Hermitian vector bundle over Y
VE the Chern connection on (E, hF)

m RE = (VE)2 ¢ QV(Y,End(E))
RE
27y —1

E
olFEY | € S )

ch(E, hE) = Tr[exp < - >] € ®penQPP(Y)

Td(E, hF) = det [
m Td(E, hF), ch(E, hF) are closed forms
m Chern-Weil : [ch(E, hE)] R =ch(E) € @peNHZp(y, R)
TA(E, hE)| = Td(E) € @penH?P(Y,R)

DR
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A natural question

7 :X — S proper holomorphic submersion, relative dimension 1

I /s @ Hermitian norm on wy/s

(¢, h*) a holomorphic Hermitian vector bundle over X

i(M©), 2) = - [ [Tdlwxss (115 PJente, 1))

ey
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L2 product and Hodge theory

Finski Siarhei

m [2-Hermitian product. Let o, o’ € Q%*(X;, €)
(a,0) 2 = [y (a(x), /(X)) ,dvx,(x),
(-,-)n the pointwise Hermitian product induced by A, [|-[|% /s-

m 0 - Q00(X,, £) & Q01(X,, €) — 0,
=80 +00
[ | <D§oz,a>L2 = <5a,5a> + <5*a,5*a>,
ker(C¢|qo.e(x,6) = {S € Q%*(X,€)|0s =0, 0 s =0}
ker(C |qo.ex,.6)) = H* (Xt &) ker(O%qo.e(x,.¢)) = H* (X, €)
Hodge theory

m induces the L2-norm |-||,= (g™, h¢) over
A&t = (A" HO (X, €] x,)) ' @ AmH' (Xt € x,)
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Infinite product

From now on [f : = O |qoo(x, ¢)
¢ essentially self-adjoint

Spec(D?) = {M 1, A2t ...}, Ait non decreasing, A;j; — oo
det'0f = ] Aie-

Ai 170

Problem : Need to make sense of the infinite product...
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Zeta renormalisation

Weyl's law : \; ; increase asymptotically linearly with /

1
Cet(S) = Z e for Re(s) > 1
Ai#0 S0

Definition of the determinant. (Ray-Singer, 1973)

det’5 = exp ( - Cé’t(O))
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Refinement of Riemann-Roch-Grothendieck theorem

Quillen norm

Hermitian norm on A(¢), given by

119 (g™, ) = (detTF) 2 |-z (6™, 1)

Curvature theorem. (Bismut-Gillet-Soulé, 1988)

= Hermitian norm ||-[|< (g™, h¢) is smooth over S

o1 (A©, (I11° (g™, /))?)
= — [ [Faeonss. 115, Jente, )]
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers
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What is a surface with hyperbolic cusps ?
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= =

Wacompact Riema@ surfacﬁ
DM:{P17P27-~-,Pm}CM,M:M\DM

g™ is a Kahler metric on M
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
Suppose g’ over {|z;| < €} is induced by

ﬁdz,-d?,-
—.
‘Z,' |Og|Z,'||

We call (M, Dy, g™) a surface with cusps
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An important example
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Suppose 2g(M) — 2 + #Dy > 0, i.e. (M, Dy) is stable

By uniformization theorem, there is exactly one csc —1
complete metric g of finite volume on M = M\ Dy

The triple (M, Dy, giiv) is a surface with cusps
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers

Why ?
m Problem on its own. .
m Universal curve m :6g.m — g m With csc —1 metric ||.||;7/gp
w 4 %

On .#g,m, we have [_[Td(wx/s, (H-Hx’}‘é")z)][ I e
w, 4
As we expect o1 (A, (1] 4)2) = — [, [Td(wxys. (115752
101

4

Regularity of wwp near 0.4y m.

Regularity of near 0.4gm

m Curvature theorem of Takhtajan-Zograf (csc -1).
m Arithmetic Riemann-Roch theorem for pointed stable curves
relation to Freixas, Freixas-von Pippich, Dutour.
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Definition of Quillen metric for surfaces with cusps
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m Let (M, Dy, g™) be a surface with cusps
|-y the induced Hermitian norm on wy; over M
® wy(D) = wy; ® O;(Du) the twisted canonical line bundle
wm(D) ~ wy, over M
induces the Hermitian norm ||-||,, on wpy(D) over M
This norm has log singularity ||dz; @ sp,,/zi|,, = | log |Zi]]
m (£, h%) a holomorphic Hermitian vector bundle over M

£
Ei=¢@wu(D),  h5 = h o (|{|y)?

m For n < 0, by Hodge theory*
(-,-),2 induces the L2-norm ||-|;» on

A(ES) = (N™>HO(M, ES))~! @ Am*H' (M, Ef)
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The determinant

Q /2
-1 = (detD) " -l flee




Problem with the determinant
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OE :Q00(M, ES) — Q%O(M, ES)

It is again essentially self-adjoint by the same reason

As M is non-compact, in general Spec(DEg) is not discrete

o
det'T5 # [ M
A#0
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Takhtajan-Zograf approach
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{ Length of closed geodesics } « Spec(DEE)

Suppose (&, h*) trivial, (M, Dy, /1) has csc —1
then the set of simple closed geodesics is discrete

(M DM H H e~ (sHK)I())

v k=0

~ simple closed geodesics on M; I(~) is the length of ~.
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991
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det o IES — Z(IMDM)“)’ forn=0,
=
Zigp,y(—n+1), forn<O.

Motivated by a theorem of D’Hoker-Phong, 1986, which says
that when m = 0, two sides of the previous equation coincide*

Limitations of this approach

m Restriction on the topology 2g(M) — 2 + #Dy, > 0.
m Complex structure predefines the Kahler metric.
= No liberty in choosing (¢, h%).
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Analytic approach to the determinant

1 Foo
] A = / exp(—At)t5~ " ot
() o PN
m If Mis compact,i.e. m=0
Ces(8) = Z TS (%)
AeSpec(TER )\ {0}
1

:@ /0+OO Tr[expl(—tDE’g’)} 5ot (3%)

mForm>07?
Idea : define (<(s) for m > 0 using (xx) and not (x)

m Problem : eXpJ‘(—tDEﬁ) is not of trace class for m > 0
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Regularizing trace, |
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m The operator exp(—tDES) has a smooth Schwartz kernel
3
exp(—t0F)(x,y) € (ES)x ® (ES);, x,yeM

3 3
exp(—tFn)s = /M<exp(—tDE")(x,y),s(y)>de(y).
E§ E§
mIfm=0, Tr[exp(—tm n)} - 7Tr[exp(—t[l n)(x,x)} dvm(x).
M
m |dea : define Tr’[exp(—tDES)} by taking the finite part of

/ Tr [ exp(—t0E)(x, x)] dvmn(x)
M,

I

as r — 0, where M, is the non-striped region

|Zi|<r
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Regularizing trace, Il
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P =CP"\{0,1, 00},
9" hyperbolic metric csc —1 over P

Wefixn<O0

on(r. ) = 5 [ exp(—t0PO)(x dvp(x),  (41)
P,
where P, is the non-striped region
s -
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Regularizing trace, llI

Theorem. (-, 2018)
For any (M, Dy, g™), (¢, h%), t > 0, the function

Ryg>r— ; Tr[exp(—tDES)(X,X)] dvy(x) — k(&) - m- gn(r, t)

extends continuously over r = 0.
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Regularizing trace, IV

Regularized heat trace

= r||_r)% (/M Tr[exp(—tDEg)(X, X)] avm(x)

~1k(©) - m- gu(r. 1))
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Regularized zeta function

1 +o00
€509 = g /0 T [ expr (—t059) ] £ ot

Theorem. (-, 2018)

m (c(8) is well-defined and extends meromorphically to C
m 0 € Cis a holomorphic point of CEg(s)
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Finally, the determinant

Definition of the determinant

det /005 = exp ( - C;fﬁ (0))
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Compatibility theorem

Theorem. (-, 2019)

Suppose (M, Dy, gqv) has csc —1, (¢, h*) trivial. Then for any
m >0, n <0, we have

3 3
det/0057 =* det 1,057
=" means up to some computed universal constant

m = 0, D’Hoker-Phong, 1986
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Finally, the Quillen norm

Quillen norm

Hermitian norm on )\(Eﬁ), given by

& S &
119 (g™, W) = (det'OFH) "2 ||| 2 (g™, hEA)
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How to compute the Quillen norm ?
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Relative compact perturbation theorem
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A notion of flattening

Flattening of a metric with cusps g™

The same for |||y,
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Relative compact perturbation theorem

Let (M, Dy, g™) be a surface with cusps,
(¢, h*) Hermitian vector bundle over M

9™, |-l the flattenings of g™,|-||,

Relative compact perturbation theorem calculates

g (@™, K @ ||-|37)
Il g (9™, hé @ (II-]15,)2™)

In other words : it answers
How Quillen metric changes under compact perturbation.
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Anomaly formula
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The Wolpert norm

(M, Dy, g™), Dy = {Ps, ..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
g™ over {|z;| < €} is induced by

v—1 dZ,‘d?,‘
2
|zilog |zil|

Wolpert norm

1" on &M wlp, is defined by

|| X dZ,'|pl.||W =1.

o V—1dzdz
|zlog |Z| \2
Wolpert norm is related to the “constant term"

of the conformal transformation at cusp

v —1dzdz

az W:1on D*
lzlo] \zlog]Zsz

Finski Siarhei RRG theorem /51



Anomaly formula, setting
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(M, D) a pointed Riemann surface
g™, g™ metrics with cusps at Dy

I-ll15)1-11%, the norms induced by g™, gI™ on wy(D)

-1, 11-1Y the associated Wolpert norms on @pep,,wlp

¢ holomorphic vector bundle on M
h¢, B Hermitian metrics on & over M
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Anomaly formula

Theorem. (-, 2018)

210g( |11l (98, 5 © (I1130%") /I (g™, H @ I1137))

= / [Bott-Chern terms, analogic to the anomaly
M

for compact manifolds of Bismut—GiIIet—Soulé}

rk(f) log <|| I /||||(‘)’V) + Zlog (det(h5/hg)|P,-).
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What is a family of curves with cusps ?
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Family of curves with cusps

Finski Siarhei

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, Xy = n~(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})
¥ x/s singular points of the fibers, A = 7.(Xx,s)
®o1,...,0m:S — X\ Xx/s hol. non intersect. sections
DX/S = |m(01) + -+ Im(am)
m [|-[|¥,s Herm. norm on wy,s over X \ (|Dx;s| Un~'(|A]))
1115 /s | x, induces metric g™ on X; \ [Dx;s|, t € S\ |A|
So that (X;, {o1(t),...,om(t)}, g"X) is a surface with cusps

(m:X = 8, Dxys:||IIx/s) @ family of curves with cusps
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Curvature theorem for family of curves with cusps

RRG theorem



Grothendieck-Knudsen-Mumford determinant

(m: X — S, DX/S,H-H;"(/S) a family of curves with cusps

wx/s(D) = wx/s ® Ox(Dx/s), I-lx/s
twisted relative canonical line bundle on X

(¢, h%) a holomorphic Hermitian vector bundle over X

Ef = £ @ wx/s(D)"
AES): = (N™HO(Xq, E5|x,)) ™" @ A™*H'(Xq, ES|x,)
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Quillen norm for families of surfaces with cusps

Quillen norm

We define the Quillen norm on A\(§ ® wx,s(D)") by

119 (@™, ¥ ®1%)s)
13
= (det'Ty") 2 |l 2 (@™ K @13 )

Finski Siarhei RRG theorem

/51



Wolpert norm for families

Wolpert norm

We define the Wolpert norm ||V on ®io}(wx/s) over S by
gluing the Wolpert norms |||/ on ®;wyx /s induced by g™
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn = MNER)"? @ (®i0fwx/s) ™M) @ 05(2)™O) @ (207 det £)°

Canonical singular norm

Sa the canonical holomorphic section of Os(A)
2" on @s(A) is defined by [salla’ (x) =1, x € S\[A|

%n 12 —rk
1% = (1112 (g™, i l|-13s)) "% @ (11" ) 7@
@ (|4 @ (@07 hoets)3
Theorem. (-, 2018)

Under mild degenerating assumptions on||||x s, the norm (815

extends continuously* over |A|, smooth* over S\ |A|, and on
the level of currents over S :

o1 (2o (1197)7) = 12 [ [Taors D). 13 s)eh(e. HOehCox/s(OLI1)5)]

Thank you'!
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