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Theta functions

e Let (V, Q) = quadratic space /Q
e Assume (V, Q) positive definite, dim V = m even

e Fix L C V lattice, Q(L) C Z

Theta function:

Ou(r) =) N 7 C im(r) >0
x€eL

Then ©,(7) is modular. 3F C SLy(Z) finite index s.t.

ar + b m 5
O <c7'+d> = (cT +d) /2@L(T), V(Cg) el

[If L self-dual, can take I' = SLo(Z)]



Theta functions

OL(7) = Z 2T — Z n(n)g"  q=e&""

xel n>0

where ri(n) = #{x € L | Q(x) = n} = representation number
(arithmetic)

e Moral: modularity of ©/(7) encodes subtle
symmetries/relations between r;(n).



Siegel-Weil formula

e For simplicity, consider even unimodular lattices:
C={LcV|L =L Q(L)C Z}/ isom.
e Define Eisenstein series of weight k > 2, s € C, Re(s) >0

Im(,YT)%(skarl) .
Blrs)= 3 Tgpap  T=={CD)
YEM 0 \SL2(Z)
Theorem (Siegel, 1930’s)
1
Z #T‘U(L)@L(T) =C- Em/2(7'= m/2 — 1),
LeC

where m = dim V and C = explicit const

Vastly generalized by Weil using representation theoretic approach



Orthogonal symmetric spaces

F = totally real field, embeddings o1,...,04: F > R

e \/ = vector space over F

Q: V — F quadratic form, anisotropic

Signature condition: V; =V ®f ,, R is a quadratic space /R.
Assume: V4 has signature (m — 2,2), V; is pos def for i > 1

Symmetric space:

D:={zC V®Fqs R | dimgr(z) =2, Q|, negative definite}

D is a cpx manifold, dim¢(D) = m — 2



Orthogonal Shimura varieties

e Fix lattice LC V

e For I C O(L) sufficiently small, have Shimura variety:
X=Xr:=T\D
e X is projective, has model over some number field E

Examples:

e V={Aec MyQ) | tr(A) =0} Q(A) = NdetA
L= {(ibjg’) | a,b,c e Z).
—> D ~H, and X = Stab(L)\D =~ 'o(N)\H
e Can also describe Hilbert modular surfaces, Picard surfaces,

etc. in this way



Special cycles (Kudla)

D:={zC V®Fq, R| dimr(z) =2, Q|; negative definite}
e Fix n>0, let x = (x1,...,xp) € L, I'x = Stabr(x)
Dy:={zeD|zLlxfori=1,...,n},
~~ obtain cycle Z(x): I, \Dyx — N\D
For T = (Tj) € Sym,(F), let Q(T) := {x € L"|{xi,x;) = Tj;}

Z2(T):= > Z(x)
rap

e If T positive semi def (+ Z(T) non-empty) then
codimZ(T) = rk(T)
e Z(T) is algebraic, defined over E



Generating series

Theorem (Kudla-Millson, special case)

Om(T) =Y {Z(T)}a",  {Z(T)} € H3R(X)
T

is a Siegel modular form (= automorphic form for Spa,(F)) of
parallel scalar weight m/?2.

Idea of proof: for x € V", KM construct a closed diff form @ p(x)
that behaves like a Gaussian fn (i.e. exp decay in x), so can be
used to form a theta fn ©(7) valued in closed 2n forms (a priori
modular).

Moreover { S0 wkm(x)} = {Z(T)} so Oxm(r) = {6(7)}.
xeQ(T)



Generating series

Consider
Ocu(r) == TIZ(T",  2(T)] € CHI(X)

Modularity results:

e n = 1: Borcherds, Yuan-Zhang-Zhang (F # Q)
e F=Q, n>1: W. Zhang + Bruinier-Raum
e F£Q, n> 1: conditional proofs Kudla, Maeda



Arithmetic generating series

e Gross-Zagier: intepret as identity b/w arithmetic intersection
# of Heegner divisors (= special divisors on Xp(N)) and
derivative of L-function

e Kudla program: generalization to arithmetic models of
orthogonal Shimura varieties.
Roughly: suppose have “nice” integral model X over
Spec(Og), and “nice” classes Z(T) in arithmetic Chow gp of
X (more on this in a moment).

> Z(T)q"
a

Then expect

is modular



Arithmetic Siegel-Weil

X = nice model of X = M\, Z(T) arithmetic cycle

e 1 “tautological” metrized bundle & on X; assume extn to X’

Arithmetic Siegel-Weil conjecture (Kudla)

~ —n—1
> (Emem e~ e (P

TeSymn(OF)

.

-,-) is an intersection pairing on arith Chow gp
e E(7,s) Siegel Eisenstein series (= Eisenstein series for Spy,,)

Construction of models and arithmetic cycles is very complicated in
general, but lots of evidence for conjectures in particular cases:

e.g. Kudla-Rapoport-Yang (Shimura curves), works of Kudla,
Rapoport, Howard, Bruinier, Yang, Li, Wei Zhang, many others... 10



Arithmetic Chow groups (Gillet-Soulé)

e X = projective variety over “arithmetic ring” R
(e.g. can take R = number field, Og, Og[1/N], ...)
e X=X(C):= ]I XI(C)
o: R—C

An arithmetic cycle of codim n is a pair Z = (2, g):
e Z = codim n cycle on X (with C-coeffs, say)
o g€ D" Lr1(X): degree (n—1,n— 1) current
e Green’s equation: 3 a smooth form w s.t.
ddg + 52((@) = [w] [dd® = 2%”85]

EI\-I”(X)C := {arith cycles}/ “rational equivalence”

[ D"~17=1(X) = cts linear functionals on A"" (X), n’ = dim X — n+ 1]
11



Green currents for special cycles

Back to X = I'\ID, Z(T), etc. To define arith cycle Z(T), need to
specify (independently)

1. integral models X', Z(T)
2. Green current g for Z(T) = Z(T)(C)

(Garcia-S.) Construction of a current g( T, v) via Quillen’s theory

of superconnections:

e Depends on parameter v € Sym,(F ®g R)xo
e Functorial (e.g. O(n) invariance, compatible with embeddings
of Sh vars)

e x-product identity: if Z(T),Z(T') intersect properly, then
g(T,v)+g(Th V)= > &(5("))
s=(4 &

mod exact currents
12



Construction of g(T,v) (suppose T non-degenerate)

e Garcia: D, = zero locus of section of a Herm bundle on D
= Quillen: “super Chern form” = @kun(x) € A2"(X)

e Trangression (Bismut—GiIIet—SouIé): 3 explicit form v(x) st
ddv(Vtx) = —t— o(Vtx), teRsg

e Define g(x) := [[°v [assume x € V" lin indep]

= ddg(x) = /10O ddv (\[X / prid o(Vtx)dt
= ¢(x) = Jim <p(\f tx)
= ¢(x) — op, [Bismut]

Define g(T, v) by averaging over x € Q(T), descend to X = N\D

13



Arithmetic heights

Assume good int models X', Z(T)
w Z(T,v):= (2(T),g(T,v)) € CH(X)

Kudla's conjecture: (Z(T,v),a™ ") ~ C - E}(v, s)
Decomposition of arithmetic intersection pairing:

E(T».om ) = [ g(T,v) A Q" 4 hio(2(T))
[ = K&hler form on X] g

Theorem (Garcia-S.)

3 explicit constant k(T) such that

/Xg(T,v) AQT = C L Ef (v, 50) + w(T)

Non-holomorphic parts (depending on v) in conjecture match 14



Another application

Take X = X, defined over E.
Let Z(T,v) = (Z(T),g(T,v)) € CHA(X, Deur)
[arith Chow group due to Burgos-Kramer-Kiihn]
Fix T € Sym,_;(F), and consider partial gen series
¢T2(T) = Z 2( T, V)qT
T:( ; 7’£2 )
Theorem (S.)
¢71,(T) is a Jacobi form of weight m/2 + 1, and index T».

Proof uses x-product formula for g(T,v) & induction argument

Rmk: if F(7) =Y 7¢(T,v)q" is a Siegel mod form, then

Fr, (1) = ZT:(I ) c(T,v)q" is a Jacobi mod form, so Thm 5

ogives evidence full cen series is modular



Thank you.
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