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o) Chern - Schwartz- Macpherson class in homology

two functors : Fox) = Constructible functions on an alg . variety Na

Hak) = Homology of X
.

( can be singular ?

The ( MacPherson) .

I ! haturaltraus.vn
C* : F → Ht

.

5.t . if X is smooth , ↳ ( Ix ) = C (TX) n EXT
.€×→y

proper , 7¥
' 9!!
Y

H#X)→ t -th )
f.* ②



Notations :
G s.s

.

Lie group la , e.g . Shu ,
a )

B -Bovelsubgp . B= { ( * . - ¥) )
T - max , torus .

T={ (* . - * I }

W - Weyl group w = Sn
.

X : IGA flag Variety ,
X=fF. I , EFE - - - EFh=G4dimFi=i)

WEW
,

Xvi :=BwB/B Schubert cell .

Xcw ) : = XII Schubert variety .

③



TE
.

G - Shae? A- Ip
'

,

↳Ctx.jo/=EXcidD,C-xl1xcsdol=CalIipD-CxC1xcid5)
'

- to] = EIPDT 'LL]

THI : ( Alutti - Mihalwa - Schuermann .
- S

,
2017 !

D Cal Ixcwgo ) are permuted by the degenerate Hecke operators,

antler for the

f.#
""
" Par

⑦ i :X
↳ TH , natural Ex - dilation

C*l1xcw5l=i*[ chart Ixaso )] .

action on TH .

③ C
*
( 1µmol is a positive

class in H * (Xl
.

( eonjectuved by

A-Lutfi - Mihaela? ④



1) Motivic Chern class in K- theory

Definition .

two functors : Y la ,

Konar H ) : - FL 2¥43}kz→tyj=EuIy ]
• f

+Eau→ Y]
U E Z

. K (Y ) : = Ko ( Gh ( Y
) ) open .

The (Brasseat - Schuermann - YoKura!

I ! natural transformation

Ny : K' (Vari- I →
KHED ,

ft
.
if Y is smooth ,

Mg ( Ly D= dylT*Y ) : =? yi [AiTH) .

Here y is a formal variable .

⑤



Reinado : I equivariant generalizations .

Flag variety setting .

Fontes ? E B EG T E X = Gfs
.

Ktlx) : = KC Ghrlx' ).

Kept = Kollek,#D= Kol Rept
) ) -- ZET] .

Let lucycxcwi ) : = Mg ( Excuse> X) ) e
Kil NID

.

EI
.

G- =SLc2 . El
, lug ( Kids

' ) = E Oo]

MG (NH ) =MCy4P
' ) - kg Heidi )=dyt*lP

") - Ello]
.

⑥



Deweazwre operators. e.g .
di - fi - Six

a. simple root . Be Pi minimal Parabolic Pi -- { (
*

'

¥q* .!))
Litt, it .

ai : Ghz → Cfp; BEG operator 2 ; : I TIE Ii * C
'
KTCX)

.

then 25=2 i , braid relation .

2- ( [ Oxus ] ) = Ellxcwsi ,] if wsisw .

⑦



Demazure - Lustig operator .

f- XEXHT) , La : = Gx, Ga
¥

X affine Heche obj
⇒

Let Ti = (Kyla;) -ai - id .
(Titi ) (Ti -187

'

- o
.

Braid relations
.

This : ( Alutti - Mihalwa - Schuermann .
- S

,
2019 )

.

" )
.

Ti ( lug cxcwso ) ) = MGCXC WEI ) if WE> w .

2) i :X4T*X , lugcxcwio ) -_i*gr[
Q'jig .]

Onstar
't mixed Hedge module .

⑧



Smoothness criterion .

Tdy ( Kumar ) . new E W

Kus smooth at uB⇐ExcwDlu
-

- Ji , fun
C- HECK!

WIEW

THI : ( Hutt; - Mihalwa - Schuermann .
- S

,
2019 )

.

U EW EW .MGCXIwiyu-TCI-eug.TL#eu9Xcussmooth at uB⇐ a > o
no

USAEW UsaEw

( ⇒ use property of lug cxcxwil ,
⇐ Y -- o , My Neuilly⇒ = I 0µW, C - 211cm )]

,

take Chern character ?
⑨



2) Applications in p - adic group representations.

Bump - Nakasuji
- Naruse Guj .

F non- archimedean local field . Of EF , kf = residue field = Iq ,

a finite field .

Gu = Langlands dual group IF .

,
FEB' E EV I = Iwahori - subgroup. . I E

G! htt )
s

ly t

Biff Eckel

I- ah unramified char . of TV (⇐ TET)

Principal series IndFIFI,
'
CE)

.

Iwahori -Hecke alg .

I

Let Itu : = ( ludi G) II 9 EEIIECFHI) ④

② f fw WE
.

asse man a .

.



Two bases in Ict) : ① few l WEW )
,

Ew = IBVCFIWI .

② { fwlwew ) . Casselman basis.
'( defined using the
intertwines ; eigenbasis

define matrix coefficients Maw by for the lattice part of the

lwahori - Hecke alg? .

-

⇐ Yw = [ Maw
- fu

GindiKiu - Karpel each formula : mid
,
w
=

.

SLWLW .

Let w. EW be the longest element .
①



Cag (Bump- Nakasujil
Assume the Dynkin diagram of

G- is simply - laced .

D
.

For any us w E W ,

the Kazhdau - Lustig poly . pw.w-i.w.ua to
= I

⇒ Mum =
IT t )

&> o

l - ed CF .

UESwaw

2! IT 4- ex p . Maw has no pole on T (E) .
L>o

UESwaw

themark (Naruse ) . Remove the audition
:

"

G is simply - laced
"

I- g
-'et Ce )

The opposite Schubert variety Yeas :=BTuBh ⇐ Mum = EF .

is smooth at the point WB E Yiu! UESawaw
④



THI ( Aluffi - Mihal Cee - Schuermann - S, 191 .

The conjectures hold .

idea : ① G simply laced ,

Pu
,
won't ⇐ X cut is smooth at AB E GIB

.

② I ! attire Hecke algebra module
isomorphism

K, '
"

*
Ei ⇒ It ?

Sit -

f dual basis of lugcxiwl)← few )

{fixed point basis ) → { fu 's

⑤



( wahori -Whittaker functions .

J - an unramified principal character . of Nut !

Whittaker functional :

L : ludpjii T → G
,

St
.

Land ) -0cal - 441 , near .

For any f- e Ind fief ,'t ,

define Welf ) : GTF) → E

g n Leg -f ?

④



Spherical Whittaker function . We ( I %) : Guth -7 Q
.

The:(Casselman - Shatila formula .)

µ dominant coweight of Gu
,
D - uniformize of If

Wilf Yw ) co
-T = Hat

.

Chie ca ) . Ynet ) .

4-

char . of iv. highest weight
a

rep . of G .

Remake :

yn = y ( Efg , ftp..ca. ) is Iasi ch,
Hic Gt- Ln ) .

Ekrem

1 ,
i equivariant Euler character .

" ⑤In



Iwahori - Whittaker functions :

Wa ( yw ) : GTF ) → 6
.

The :( Mihal Cee - S .

19 ? m dominant coweight of Gu ,

WE ' ( Yuko
- "I =# city e-Ya ,) . ←

Segre - type class
.

xnxx.e.io "4Yi 1
Remarks : proof uses work of Brubaker - Bump - Licata .

Move generally , Brubaker -Baciuwas -Bump - Gustafsson .

( retention te
colored

Vertex models ?
④



3)
.

Lenart-Zainoutline -Zhong conjecture

hyperbolic formal group law
Fei = Y÷I!×j

.

h
,
I Gfs ) = oriented cohomology of GB wort

. Fe
,

The Koustart- Kumar Hecke ay .
acts on h, l Gfs ) .

The Schubert class Execs] is not well - defined .

if Xan is not smooth .

Lenart
,
Zainoutline , and Zheng defined some Kazhdau- Lustig class

,

class KLW : = Cw . ( Excited ) .
T

canonical basis in the Hecke algebra ④



Cory
- ( Lenart- Zainoutline

-Zhong )
If Xcw) is smooth

,

then klw coincides with the fundamental

class [ XLWD
.

Thief Lenart- S - Zainoutline -Zhong ,
Zo )

The conjecture holds.

idea : reduce it to the multiplicative case ( equiv . K - theory ) ,
and use motivic Chern classes

.

④



Thank you!

④


