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X Inozemtsev's elliptic spin chain
e Anato my

[Inozemtsev 90, '95]
Weierstrass ¢
periods (L,in/k) € N x iR<

ong-range elliptic pair potential spin exchange
pairwise - - ~

—
)

H = ZCSt(H)(KJ(i — ) +cst(L, ”f)) -

1<9
K — OO Kk — 0
L —

5dL(z'—j),1 sinh? k
[Heisenberg 28]

7 — 1
2

(7/L)°
sin®(w(i — j)/L)
[Haldane ’88]
[Inozemtsev '92] [Shastry ’88]

sinh? k(i — §)
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MELBOURNE

Heisenberg

* Exactly solvable
up to solving
Bethe-ansatz
equations

* Quantum

integrable
try Lo (u)
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Inozemtsev

* Exactly solvable
spectrum up to solving BAE

* Quantum integrable?
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Inozemtsev's elliptic spin chain
Exactly solvable interpolation

Haldane-Shastry
" e Exactly solvable

~

= in closed form

% (with Jacks)

? * Quantum

T integrable

= qdety Lo(u; {d;})

o * Yangian
symmetry

4/18



Inozemtsev's elliptic spin chain

' <

Y-S
THE UNIVERSITY OF L o
ome highlights

* Spectrum for M=2 [Inozemtsev "90]
using Hermite’s solution of Lamé equation

* Spectrum in hyperbolic limit [Inozemtsev '92]
via connection to hyperbolic Calogero-Sutherland using [Chalykh Veselov 90]

* Spectrum for general M [Inozemtsev 95,99
via connection to elliptic Calogero-Sutherland  using [Felder Varchenko '95

[Ha Haldane ’93

]

]

. : ]
* Asymptotic Yangian symmetry [De La Rosa Gomez et al ’16]
]

]

]

* Thermodynamic Bethe ansatz [Dittrich Inozemtsev 37
[Klabbers’16
* Proposal for higher Hamiltonians Inozemtsev *96

* Guest appearance in AdS/CFT [Serban Staudacher ’04]
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Our goal
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) Strategy
Kot General considerations

* |sotropy (sly-invariance): fix M = # |, focus on highest weight

* Use coordinate basis o, ---o, [T 1)
(so will have to ensure cyclicity)

* Homogeneity (translational invariance) determines M =1

Dispersion relation  reciprocal periods (27, 2ix) [Inozemtsev "90]
[Klabbers JL]

() = cst) (90) — (CYp) = 2 pf =2 1))

e T~

4 sin®(p/2) p (21 — p)/2

Heisenberg Haldane—Shastry
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Strategy
giid xtended coordinate Bethe ansatz

[Inozemtsev '95]

For general M seek wave functions of the form [Klabbers JL]
\ij(n) p— Z \ij)(nw) ei(p_ﬁ)'nw
weSn plane wave

, depends on positions!
Assumptions

* [technical] \iﬁ has simple poles at equal arguments

N,, ] —1 4 — _Wﬁ_lﬁmN,,
 double quasiperiodicity {%pmﬂ%% em), © - Vp(n)
Us(n4Lé,,) = EPm=2m) T (n)

Cyclicity of ¥,, requires Bethe-ansatz equations
Lpn, =211, + ©m, I, € Zj,, 1<m< M
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Connection with eCS

e Result of extended CBA

f H|3—2 ¥ = E U5 for quantum elliptic Calogero-Sutherland

_ 1 M
H:—§mz::1(9§m—|—ﬁ B—1) Zgg m — Tm/)

m<m/’

(for W5 with simple poles at equal arguments)
andif BAE Lp,, =271, +vm, Im€Zy, 1<m<IM

Then as long as we identify Dm = A(pm)

Up(n) = D Up(ny,) e @PIme
wWES M

~

__ r7 1 ~9
has E=2 nelom)+U  U=E—35)  Dny
Ptot — Zm Pm mod 27
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Connection with eCS

Comments
U,(n) = Z U5 (n,,) el (P7P)mw
quasimomenta e(;USevirve function (8 = 2) plane wave
* P = A(pm) rapidities A(p) = —C"(p) + ' p  [Kabbers ]
Q%X—%Cotg%o /{k(p—w)/Q

* E=3 e(pm)+ U isadditive iff B = > Dt U is so
(which doesn’t seem to be the case) [Klabbers JL]

* U will have simple poles or double zeroes at equal arguments;
latter would be better in HS limit
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Two magnons
s From Lamé to Inozemtsev

* Lamé Hlg—o = —3 (02 +02)) +2p(z1 — x2)
Hermite

i~ ip-x : inokxy/m O'(CE—I—’)/)
Us(x) = Ay(z1 — 22) e'P'? A (z) = elm2rey/ (D))

* Quasiperiodicity fixes v in terms of p1 — D2
* Inozemtsev

\Ilp(fn,) — A’y(nl_nQ) ei(P1n1+p2n2) + Av(n2_n1)ei(p1n2—l—p2n1)

E(p) =e(p1) +e(ps) + cst(w)U, U = —4r?e|pern(®)

provided BAE { b T e S p = 21Ky
Miwriw(@) = A1) — A(p2)  scattering phase
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Two magnons
Rationalisation & completeness

* Eigenvectors with all p,,, # 0have highest weight

* Together the BAE { Lpio=2rl12+¢
Mlrwrr(®) = A(p1) — Ap2)

give an equation ellipticin ¢

* Inelliptic coordinates the latter gives a polynomial equation
— Very efficient for numerical solutions
— Can count number of solutions: matches # highest weight

* Energy function is elliptic in p too

Full spectral problem becomes rational in elliptic coordinates
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Two magnons

s Heisenberg limit Klabbers JU
* We have
- —isgn(Rex) /2 / o 0 = ik
sin(y/2)
SO Up(n) = Ay(n1—n2) e'P™ 4 Ay(ng—nq) e'Pmr

el(Pn+¢/2) 4 oi(pnr —¢/2) .
becomes Bethe’s wave function

sin(p/2)
* Energy becomes additive
Lp12 :27T]12:|:g0
* BAE { ! ’
Alssrnr(p) = Ap1) — A(p2)

—

2 cot(p/2) = cot(p1/2) — cot(p2/2) Bethe’s equation
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Two magnons

Recap of Heisenberg
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[Klabbers JL]
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Two magnons
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I,0]

0

Haldane-Shastry limit (I)
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Two magnons

Haldane Shastry limit (II) iabbers o

—¢
/_H
R %\ cot &% —icot *H
SO Wp(n) = Ay(n1—n2) <+ A (ng—ny) P
with ‘evaluation’ Zny T Zng Ii4j I2—]
ev: 2, e27rin/L eV[(an . + f) Zne g
+ (n1 < ng)]
* BAE become trivial |
{me =2l 5% ; icattermg sotates]:c
. . I expansion
90_>27T.]7 Jscatt :O, Jbound:_ll chirexpansion o

B =2 Jack (upon ev)
* Energy becomes (strictly) additive
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Conclusion

MELBOURNE

L -
0;-0; —1
H = t — t(L —
;cs (k) (p(i — ) +cst(L, k) ;
* Solution via relation with 5 = 2 elliptic Calogero-Sutherland

* ‘Quasi-additive’energy E = > (pm) + [

e M = 2limits in detail, recover known results

E
* Spectral problem rationalises 10
g l®

* Open questions f
- M > 27 i

4 |-

= Quantum integrability (R, etc) ?

2

e8¢ @'

P
o@|1,w|=k,m|1,w|im|i 3,

- XXZ-like (g-)analogue ?

0
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