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1. PLAN OF MY TALK

Macdonald case (of type gl,,):

-

N

e Asymptotically free solutions to the Macdonald eigenvalue equations

e Laumon spaces

Duality formulas

Passages to the Macdonald /Schur symmetric polynomials

Pieri formulas for the asymptotically free solutions

Operator Tz (g, t)

Affine generalization (type g?l\n)

-

Non-stationary Ruijsenaars functions

Affine Laumon spaces

Duality conjectures

Passages to the irreducible affine characters (Shur limit)

Conjecture concerning Ruijsenaars’ eigenvalue problem (stationary limit)

Jn1(q,t) and a conjecture for the non-stationary Ruijsenaars functions




2. NOTATION

We use the standard notation [GR] for the g-shifted factorials and the double infinite
products such as:

[e.o]

(13 q)oe = [[ (1~ d'w),

=0

(w0 = (4:9) o0/ (¢"U; @)oo = (L —u)(1 —qu) -1 —¢"'u)  (n € Zso),

(4:¢,p)00 = [ (1= g'Pu).

1,7=0

[GR] G. Gasper and M. Rahman, Basic hypergeometric series, 2nd ed., Encyclopedia of Mathematics and its Applications,
vol. 96, Cambridge University Press, Cambridge, (2004).

For gl,,, denote the simple roots by o; = ¢; —€;41 (i = 1,2,...,n — 1), the root lattice
by @, and the positive cone by (). Write the formal exponentials as

eV = 5T = g0 [y

We will treat formal power series of the form

n—1

i
DRI U | (Y L SR

acQ+ 11,82,4000y8n 120 k=1

We do the same for the affine case é\ln



3. ASYMPTOTICALLY FREE MACDONALD FUNCTIONS

3.1. Asymptotically free solutions. We recall some facts about the Macdonald functions
[S,NS,BFS].

a I
Definition 3.1. Let DI = Dgl"(q,t) be the Macdonald operator [M] of type gl,,

n
tr; —x;
ol — t
Dfe =3 15— T
i=1 j#i
where Ty ., denotes the q-shift operator

Tywif(1,. . xiy. . xn) = f(o1,...,qxi, ..., 2n).

\_ %

Let M) be the set of strictly upper triangular matrices with nonnegative integer entries:
M) = {0 = (0;)1<ij<n|0ij € Z>0,0;; = 0if i > j}. Define recursively c,(0;s;q,t) €
Q(Q7t7 81,7, Sn) by Cl(—; S13 Q7t) == 17 and

cn(0 € M5y, 55 q,1) = cpa (0 € M g ngy e g7 0ntng, g 1)

< 11 (tsj+1/5i32)0 (qfoj*quj/tSi;Q)ei,n_
\<izienot (@S5+1/55 @0, (0%msi/s:0)0,,
We have
cn(H; S1, 4 8n; q,t)
_ H 11 (qa=rrrCoabmralts; /51 q)g, , (g PortiaminiOiabialgs; 151 q),,

—0; + Z— 97;&79‘& . L.
k=21<i<j<k—1 (g "7k 2akr1 (Bia=0;, )SJ/SZ;Q)H

(qa=r+1Oa=birra)gs. ) /s, )0, , o

Definition 3.2. Define f%(x|s|q,t) € Q(s,q,t)[[x2/21,. .., 2n/Tn_1]] by
fgln(xy'SIQH':) - Z Cn(e,S,q,t) H (x]/xz)elﬂ

oeM(®) 1<i<j<n

[M] I. G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed., Oxford Mathematical Monographs, Oxford
University Press, (1995).

[S] J. Shiraishi, A conjecture about raising operators for Macdonald polynomials, Lett. Math. Phys. 73 (2005) 71-81.

[N'S] M. Noumi and J. Shiraishi, A direct approach to the bispectral problem for the Ruijsenaars-Macdonald g-difference
operators, arXiv:1206.5364.

[BFS] A. Braverman, M. Finkelberg and J. Shiraishi, Macdonald polynomials, Laumon spaces and perverse coherent
sheaves, Perspectives in representation theory, 23-41, Contemp. Math., 610, Amer. Math. Soc., Providence, RI, 2014.



Proposition 3.3. ([NS,BFS]) Let A = (A1,...,\) € C*, and set s = t9¢* (s; =
t"ig* ). Then we have

Doz fln (aslg, ) = e(s) @ F¥ (alsla, ).

Laumon’s quasiflags’ space Q%: the moduli space of the flags
{0ocWicWyC---CW,, =05, }

of locally free sheaves (where W; a locally free sheaf on P; of rank ¢, and degW; = —(a, w;)).
The based version is denoted by Q. The torus G,, x T" acts (¢ € G, s € T').

\
Proposition 3.4. ([BFS]) We have the geometric interpretation as the Euler charac-

teristics of the de Rham complex of the Laumon spaces:
f(@lslg, q/t) = > 2°Jalgst, s)

acQ4

Jalg t,s) = [HY(Q%,Q8a)] = > (~1)H [H(Q*, 0h))-

ZAhj




Lemma 3.5. We have

iy 9 (] _ (92;/%i; 4)oo
lim fon (zfe’slg,t) = ]

1<i<j<n (g5 /ti; 4)oo

Proof. In the limit ¢ — 0, we have ej_isj/si — 0 for 1 <i < j < n. Hence we have

tHS= > ] oy, mj/tmi)ei’j:RHS.

s 1<isjn (@ Doy,
([l

Definition 3.6. Let % (z|s|q,t) € Q(q,t)[[x2/21,. .., Tn/Tn_1,52/51,- -, 5n/5n_1]] be

(qrj/tzi;q)
sogl"(x\SIq,t)z H ML A0 pala (]3], 1),

<i<j q$J/$za )oo

where ¢, (0;s;q,t)’s are expanded in Q( t[[s2/s1s- -+ Sn/Sn-1]]-

Proposition 3.7. ([NS]) We have
% (x|s]q, t) = % (s|z|q, t) (bispectral duality),
©%n (xs]q, t) = % (x|s|q, q/t) (Poincaré duality).




4. PIERI FULMULA

Set
ei(z) =x1 + 22+ + zp.

Remark 4.1. Note that we have [Dgl"(q,t),Dgl”(q_l,t_l)] =0.

4 N
Definition 4.2. Let D59 (2]s|q,t) be the modified Macdonald operators defined by
@i,gl (x|s|q, ) )\Dgl ( il,til)x)\
_Z ilHl_t ‘aifz; ﬁ 1_tq:1$k/$i.Tﬁ:1
1—a;/x; Mt T/ T G
N J
~
Lemma 4.3. We have
[e1 (aT1), DHn (z]s]g, 1)]
oy () T I e
=(l—gq = —. T
o \wi/ o 1 zi/; pmis 1T Tk/Ti -
[e1(s71), DFn (s]z]q, 1)]
(1 ‘Ui <$>MH1 Lt s/ f[ Lt sk/si g
=1 \ 5 j=1 1—si/sj ki1 LT sk/si "
N J




Proposition 4.4. We have

DEn (2]5q, 1) H Mfgln(x‘s‘q’t)
\<isj<n (tsj/5i3q)oo

e [T LD b g,

DE(slelg a/t) [] LD pala 41,1
\<i<j<n (ts;/si3q)00

o (g (8/53: @)oo pqt,, (1
=a@™) 1] et alsla).

1<i<j<n
\_ J
~
Proposition 4.5. We have
ex(@™), D (afslg )] [ LD pat )5,
1<isj<n (ts5/5i5 @)oo
455/5i;9)oo
= [el(sil)’D:F,Bln(3|m|q,q/t)] H Wfﬂl7L(m|s|q,t).

1<i<j<n i/ 5154 )00

\_ J

Proof. We have

@™ D5 o) [T (R ool

1<i<j<n
= er(@™)er(s*) — D (als|q, ) DT (slalq.q/t) | [] (955/85 Qoo gty (1514.1)
I<i<j<n (tsj/8i5q) 00
qSj/Sisq)oo
_ el<sﬂ>e1<ﬁ1>—wvgws\xrq,q/t)@tgln(ﬂsrq,t)) [ \@aloites pon oy, )
1<i<j<n ( 5]/52)(1)00

_ +1y pFoly (qu/sz‘; 7)o al, ‘
[61(8 )7 (S|x|Qa Q/t)] 1<i1;j[<n (t5]/517q)oof ($|3|q,t)



5. THE OPERATOR T%"(q, )

Definition 5.1. Set
n
A=) 03
i=1

where 9; denotes the “shifted Euler operator” 9; = xia%i + (n—1i)5.

Definition 5.2. Introduce the operator T9m = Tn (q,t) as

w= 2 I Gy (g3 ey (0321q.1) - 11 w
(xj/xMQ)oo

t
9eM(n) 1<i<j<n 1<i<j<n

Remark 5.3. Note that we can rewrite T9" (g,t) as

ol _ (q75/74; q) oo
x (e St o\
(qxj/tha Q)oo

1<i<j<n
1A -
x Y en(@wiga/t) 2% ] (wi/z)% - [ (U —a/z).
fem() 1<i<j<n 1<i<j<n



Proposition 5.4. We have the commutativity
D (q,t)T8 (g, 1) = T¢(q,t) DS (g, 1)
Hence we have
T8 (g, 0) - [ (z]s]q, t) = e(N) - O (ls]q, t).

Proof. We show the commutativity [Dgl" (g,1), ‘Tgl”(q, t)] = 0 on the space
x)‘C[[acg/:L"l, ey T Tp—1]].

Let o = 3" l;a; € Q4. On the monomial 22~ = 2* [[""' (w11 /%)% we have

n—1
@222 = e()) - [ Gsiga/s0) T Al
i=1

e(\) = g2 Zim (it (n=i)B)?,

We denote the third Jacobi theta function as ¥3(z|q) = >,z ¢"*/2z". A simple calculation

shows that we can represent the action of q%A in terms of the constant term [---];, in y as

2 f(x) € 2 Cllza/z1, . .., Tn/Tn-1]],

PLL 2 f(z) = e(N) - 2 [H ﬂg(siwz‘/yz‘@f(y)]
i=1 Ly

Hence we have the action of T4 (q,t) on 2* f(x) as

al,, oA _ oA < e T (qyj/yi;q)oo al,,
Tar(g,t) a2 f(z) =e(N) -z gﬁs(szxz/yz\q) 1gggn(tyj /yi;q)oof (zlyla,t)

T a—wi/w) )

1<i<j<n Ly
b

Note that we have

q _
D8 (z)s]q, ) - H193(Si93i/yi|Q) i — H193(5i$i/yi|Q) er(z™h), DV (zlylg, 1)),
i=1 i=1

n —nj2 M
_ _ q _
D=8 (yls™ g, q/t) - | [ s(sii/ila) = — T 9s(siwi/vila) - [ex (™), D™ (ylalg, ¢/1)).
i=1 =1

10



Now we can show the commutativity as follows:
D¥"(q,1)T¥ (g, 1) - 2 f ()

i1 \<isen Wi /Yii D)oo

o) -2 | D (sl t) [ Da(sizs/uila) - O elylat) - ] (yj/y“%f(y)]
Ly

)

=) (D’Bwys1q,q/t>Hﬁg<s@-xi/yiq>' 11 Wfﬂln<xyq,t>>

i=1 L<izien Wi/Yi D)oo

—e) -t | [T oatowrifuda) - T] BV gy,

i=1 1<i<j<n
I a—v/v)- (®+’QZ"(y8\q,t)f(y))
1<i<j<n Ly

11



6. NON-STATIONARY RUIJSENAARS FUNCTION
[LNS] E. Langmann, M. Noumi and J. Shiraishi, Basic properties of non-stationary Ruijsenaars functions, arXiv:2006.07171.

[S] J. Shiraishi, Affine Screening Operators, Affine Laumon Spaces, and Conjectures Concerning Non-Stationary Ruijsenaars
Functions, J. of Int. Systems 4 (2019), xyz010.

Let n € Z>5. Introduce the collections of independent indeterminates

(l’,p) = (‘rla X2y e 7xn7p)7 (37 H) == (817 82y, 5n, /i)'
Extend the indices of x and s to Z, assuming the cyclic identifications x;4+, = x; and
Si+n = Si. Let w be the permutation acting on (z,p) and (s,k) by wx; = zit1,wp =
P, ws; = Si+1,wk = k. Denote bt P the set of partitions.

\
Definition 6.1. For k € Z/nZ, and A\, € P, set

kin k
NE\L )(U|q, K) = Nf\vzt(u]q, K)

M j Aa—
= H (uq HitAj41 =it q)/\ IV H (ugr M8 K>~ B-1. Q)uﬁ e

j>i>1 B>a>1
j—i=k (modn) B—a=—k—1 (modn)

N %

Note that the ordinary K-theoretic Nekrasov factor reads
Nl k) = T (1= ug 5457 T (1= ughteritny,
(4,5)€A (k,1)Ep
or equivalently
— i Aa— 1.
N)\,,u(u|q7 H) = H (uq pat R —H, Q))\ —Xjt1” H (Uq He R b= Q)u/; HB41°
g>i>1 B>a>1

We have the factorization Ny ,(ulq, k) = [];_; N u|q, K).

4 ~ ™
Definition 6.2. Let f% (z,pl|s, k|q,t) be the formal power series
fgl"($ap‘8’ H|Qa t) € Q(Sa R, q, t)[[P$2/$1a LR 7p$n/mnflapml/xn“a
n NU—in)

i (tsj/silq, s
(@) )\(7) j/Sild, K (8)
fgln(xap‘sa K’|Q7t) = Z H G—iln) H H p$a+5/t$a+5 1)>\ .

AD A epij=1 N)\())\(J)( i/silq, k) B=1a>1

We call faln (x,pls, klg,t) the non-stationary Ruijsenaars function.

Note that we have wngln (z,p|s, klg, t) = fgln (z,p|s, klq, t).

12



A simple calculation using the g-binomial formula [?] gives us the following factorization
formula.

Proposition 6.3. Setting xk = 0, we have

fin e pls, Ol ) = ][ (P’ "qxj /%3¢, 7" ) I ("7 qi/ 7534, p")oo
(P /2354, P oo | i (PTG /2556, ) oo

1<i<j<n 1<i<j<n

Dividing fgln(x,p|s,/<;\q,t) by faln(x,p]s,O]q,t), we introduce the normalized version
¥ (z,p|s, k|q,t) as follows.

a I
Definition 6.4. Let apgl n(x,pls, klg,t) be the formal power series
(Pgln (x7p’87 H‘q7 t) € Q(qa t)[[pr/xla s 7pxn/xn—17pxl/-rn7

KS2/S1y ..y KSn/Sn—1,KS1/Sn]],
@ (x, pls, kg, t)
- ] Wt /i 4, 0" )0 I ("7 i /53 4,0 oo

— — -fgl"(x pls, klq, t)
(PPt qzj/eis 4,000 | i, (P[5 4, "o R

1<i<j<n

where the coefficients | Nf\j( )Zl)z]) (ts;j/silq, )/N)\J( )ZL@) (sj/silg, k) in

ngln (z,p|s, klg,t) are Taylor expanded in k at kK = 0.

We have wgoaln(a:,p]s, Klg,t) = cpgln (x,pls, klg,t).

Conjecture 6.5. We have the duality properties
P (, pls, Klq, t) = % (s, k|, plg, t) (bispectral duality),
cpgl (x,pls, klg, t) = cpgl (z,pls, klg, q/t) (Poincaré duality).

13



The affine Laumon space [FFNR] is the moduli space P, of parabolic sheaves (or infinite
flag of torsion free coherent sheaves of rank n)

- CF 4 CFgCCTF -

with certain prescribes conditions.

Proposition 6.6. The Euler characteristic Jq(s,klq,t) = [H*(Pq,Q5 )] of the de
Rham complex on P4 is given via the Atiyah-Bott-Lefschetz localization technique as

n NSO (s5/tsilas )
~ i i NOBYORNF ALY
Ja(s,Klg,t) =D (1)U [H Py, O, 1 ==

iv.j = d( ,] 1 N)\](Z)Z‘;:]) (Sj/sl‘q7 )

Hence, the non-stationary Ruijsenaars function is the generating function for the Fuler
characteristics of the affine Laumon spaces

N
fglN(x7p|87’£’(J7 1/t) :st(S,Ii‘q, H Pt$z+1/$z
d i=1

[FFNR] B. Feigin, M. Finkelberg, A. Negut and L. Rybnikov, Yangians and cohomology ring of Laumon spaces, Sel.
Math. New. Ser. (2011) 17:573-607, DOI 10.1007/s00029-011-0059-x.

14



7. IRREDUCIBLE AFFINE CHARACTERS (SHUR LIMIT q = t)

The Schur polynomials are obtained from the Macdonald polynomials by taking the
limit ¢ — ¢. In the same manner, we have the E/\Zn dominant integrable characters (up
to the character of é\ll) from f8n(x,p|s, k|q,q/t) by considering the limit ¢ — ¢. Set
0 =(n—-1,n-2,...,1,0). Here and hereafter, we use the standard notation as s =
(t"Lsy, 1" 259, ... tSp_1, Sn).

Definition 7.1. Let K be a nonnegative integer. We call K the level. Let u =
(1, - -5 pin) be a partition satisfying the condition K + p, — p1 > 0. Then set

S = (Ht)équ — q_l<5/"7/"l‘l"7 K = q_K/nt_l.

i.e. fors, we set s; = q K=D/ntumi (1 << N).

For such K and p, we have the level K dominant integrable weight A(K, pu) = (K + pp, —
u1)Ao + 2?2_11 (i — pitr1)As, and the dominant integrable representation L(A(K, u)) of sl,,,

slp

where Ag,...,A,_1 denote the fundamental weights. Denote by chL( "\

(K.) the character
of L(A(K, p)) associated with the principal gradation.

Theorem 7.2. Let K, i, s,k be fived as above. We have

~ 1
gl —K6/ntp_,~K/ng—1 =~ .ch¥n
%gr(l]a: [ (x, plg g M g, q/t) " P ) ST

Note that the factor 1/(p™; p™)s is interpreted as the g/;\ll character. A proof of this is
based on the affine Gelfand-Tsetlin pattern obtained in [FFNR], which we can regard as
Tingley’s sly-crystal [T].

[T] P. Tingley, Three Combinatorial Models for ;\ln Crystals, with Applications to Cylindric Plane Partitions, Int. Math.
Res. Not. Article ID rnm 143, 41 pages, doi: 10.1093/imrn/rnm143.

15



8. RUIJSENAARS’ EIGENVALUE EQUATION

Now, we turn to the eigenvalue problem associated with the elliptic Ruijsenaars operator

[[?], ]R], from the point of view of the series ngln (x,pls, klg,t). We use the multiplicative
notation for the elliptic theta function as ©,(z) = (2;D)c0(P/%; D)oo (P; P)oo

Definition 8.1. Let D,(p) = D.(plq,t) denotes the Ruijsenaars operator A
twl/:c]
;]1;[1 Op(i/x;) Ta
where Ty ., is the q-shift operator qri0/0xi
- /

[R] R.N.M. Ruijsenaars, Complete inegrability of relativistic Calogero-Moser systems and elliptic function identities,

Commun. Math. Phys. 110 (1987) 191-213.

Naively speaking, we take the “stationary limit x — 1 of ngln (x,pls, klg,t)”. Such a limit,
however, does not exists. It seems that we need to normalize f9n before taking the limit

k — 1. The simplest way might be to divide f9» by its constant term in .
We closely follow the method developed in Atai and Langmann for the non-stationary
Heun and Lamé equations. Let A = (A1), ... )\(”)) be an N-tuple of partitions. Set

=9 i z S AP g,
=1

a>1
a+[‘3 i (modn)

Then we have []5_, HQZI(prJFg/ta:aJrg_l)A&m = (p/t)AN T, 2. Note that when m; =
-=my =0, we have |A| =0 (modn).

4 N
Definition 8.2. Let a(pls, k|q,t) = Zdzop”dad(s,/@\q,t) be the constant term of the

series fOn (x, p|s, k|q,t) with respect to x;’s. Namely,

n (J iln)

(j z\n
AL woep i,j=1 NAu) )\(J)(SJ/SZ|q7 )
mi=--=mpn=0

16



~
Conjecture 8.3. We have the properties:

(1) The series ngln (z,p|s, klq,t) is convergent on a certain domain. With respect to
K, it is reqular on a certain punctured disk {rk € C||x — 1| <r,x # 1} .

(2) The ngl”(iL‘,p|S,li‘q,t) and a(pl|s, k|q,t) are essential singular at k = 1. (The
coefficient ay(s, k|q,t) has a pole of degree d in k at kK =1.)

(3) The ratio fgln(x,p\s, klg,t)/a(pls, k|q, t) is reqular at k = 1.

Definition 8.4. Assuming the above conjecture, set

A . t
fSt'gl”(ﬂf,p|S|q, t) _ f (x,p|s,/<\q, )

a(pls,klg,t) | _
k=1
We call f549'n(x, p|s|q,t) the stationary Ruijsenaars function.
J
s | B
Conjecture 8.5. Let s = t¢* (s; = t""'¢™). Denote by p%/"x the collec-
tion of the shifted coordinates p=D/ng The stationary Ruijsenaars function
2 Ol (pO/N g pl /N |s|q, q/t) is an eigenfunction of the Ruijsenaars operator:
Dy (p) 2 9 (p” ", p'/"s]g, q/t) = e(plslg, t) 2* f5 9 (p° "z, p'/"[5]q, /1),
n
e(plslg.t) =Y si+ > zalslg, t)p”.
i=1 d>0
N /

17



al
9. OPERATOR T¥n

-

Definition 9.1. Introduce the operator ‘J'?;l" = ‘J'gl" (¢,t) as
n o NYUZI o ftaslq, p)
ol AB) 1 A £ DTG/ i P
T =y H [[@teass/azars-)* -2 T [T 5550
A A ep f=1a>1 i,j=1 N)\(i)’)\(j)(xj/xi|Q7p)
I (P "wj/2i; 4,00 1T ("M i )20, 0™ oo
1§1<]§n (p]_ztx]/xlﬂ Q7pn>00 1§1§JSTL (pn_j+zt$1/x]7 q,pn)oo

Remark 9.2. Note that the duality conjecture implies that we can rewrite ‘.Tgl"(q,t) as

(P "qzj/2i5 4, p™) oo

(p" Mg /3554, p") oo

’ 1§g§n (P ~"qxj /tis ¢, p") oo 1<g§n (pr—itiqu; /te;; ¢, ) oo
(J ZI )
n N (tzj/zilq, p)
) A WG/ Li 1A NG
Z H (] in) Tep- H H (PTatp/tTars—1)>
A Amepij=1 Nw) ,\<y)( xj/zilq,p) B=1a>1
H (pj_zxj/xﬁp )oo H (pn_j+il’i/l‘j;pn)oo
1<i<j<n 1<i<j<n

Conjecture 9.3. We have
Tl

2 fon (2, pls, k|, ¢ /t)

=e()) -

a f9n (z, pls, kg, g/t).
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